A new method for H-infinity gain-scheduled controller design by convex optimization is proposed that uses only frequencydomain data. The method is based on loop shaping in the Nyquist diagram with constraints on the weighted infinity-norm of closed-loop transfer functions. This method is applied to a benchmark for adaptive rejection of multiple narrow-band disturbances. First, it is shown that a robust controller can be designed for the rejection of a sinusoidal disturbance with known frequency. The disturbance model is fixed in the controller, based on the internal model principle, and the other controller parameters are computed by convex optimization to meet the constraints on the infinity-norm of sensitivity functions. It is shown next that a gain scheduled-controller can be computed for a finite set of disturbance frequencies by convex optimization. An adaptation algorithm is used to estimate the disturbance frequency which adjusts the parameters of the internal model in the controller. The simulation and experimental results show the good performance of the proposed control system.
Introduction
In control engineering problems, disturbance rejection is an extremely important task. Some disturbances have periodic character and can even be expressed as combination of few sinusoidal signals. Typical examples of systems with periodic disturbances are hard disks [10] , optical disk drives [1] , helicopter rotor blades [17] and active noise control systems [19] .
In the case that the disturbance frequency is known, certain approaches, such as internal model control and repetitive control techniques can be applied. If unknown frequency can be measured directly or indirectly, which happens e.g. in some active noise control applications, adaptive feedforward control can be used for the rejection of disturbance. In [14] , it was shown that the standard adaptive feedforward control algorithm is equivalent to the internal model control law. Survey on methods in both cases of known and unknown disturbance frequency can be found in [2] .
Since it is not always possible to measure the disturbance frequency with a transducer, the parameter estimation methods are often used to estimate the parameters of the disturbance model. Therefore, almost all unknown disturbance rejection algorithms generally lead to a direct or indirect adaptive implementation, which can be referred to as "adaptive regulation". The reason is that the controller parameters are adapted with respect to variations of parameters of the disturbance model. In [8] , two approaches are compared on an active suspension system. The first approach is a direct adaptive control scheme with Q-parameterization of the controller, where the disturbance is rejected by adjusting the parameters of the Q polynomial. The second approach is an indirect adaptive control because the disturbance model is estimated first and then, based on the internal model principle, new controller is calculated to reject the disturbance.
A linear parameter-varying (LPV) controller design method is described in [7] for rejection of sinusoidal disturbances. In this approach, an LPV controller is designed with H ∞ performance based on the method proposed in [5] and [16] , using a single quadratic Lyapunov function for all values of measured frequency. Discrete-time statespace state-feedback and full-order output feedback LPV controller design methods are described in [20] and [18] , guaranteeing closed-loop stability for infinitely fast variations of disturbance frequencies using a single Lyapunov matrix over the whole scheduling parameter space. A new method for fixed-order LPV controller design with application to disturbance rejection of an active suspension system is proposed in [21] .
In this paper, a fixed-order H ∞ gain-scheduled controller design method based only on the frequency-domain data is proposed. In this method, computation of the controller parameters and their interpolation are performed by one convex optimization. Moreover, a solution to a challenging benchmark problem [9] for rejection of timevarying narrow-band disturbances is provided. The results are computed using a new public-domain toolbox for robust controller design in the frequency domain which is available in [11] .
The advantages of the proposed method with respect to the LPV controller design methods are:
• There is no need for a parametric model of the plant and the frequency response can be used directly for controller design. As a result, the approach can be used for discrete-continuous-time systems with pure time delay.
• The controller order is fixed that allows less computation effort in real-time applications.
• Since the stability and performance are guaranteed for frozen scheduling parameters, the method has less conservatism with respect to LPV controllers based on quadratic stability.
The last item can be considered as a drawback as well, because the stability and performance are not guaranteed for fast variations of the scheduling parameters. The other drawbacks are the limitation of the controller structure to linearly parameterized controllers and the dependence of the final solution on the choice of the desired open-loop transfer function L d . Some propositions to overcome these drawbacks are given in [12] . The proposed method, like the other adaptive methods used in the benchmark, guarantees the stability and performance only for frozen and slowly time-varying scheduling parameters. However, in practice, as it is shown for the benchmark problem, the designed controllers stabilize the system even for rather fast variations.
The paper is organized as follows: Section 2 describes the gain-scheduled H ∞ controller design method that uses only the frequency response of the model. The method is applied to the benchmark problem for adaptive disturbance rejection of an active suspension system in Section 3. Section 4 presents the simulation and the experimental results. Finally, Section 5 gives some concluding remarks.
Gain-scheduled H ∞ controller design
A fixed-order H ∞ controller design method for spectral models is proposed in [12] . In this section we extend this method to design of gain-scheduled H ∞ controllers.
A classical way to design gain-scheduled controllers includes two steps:
1. A set of controllers are designed for each operating point (if the operating points are a continuous function of a scheduling parameter, a fine grid is used to obtain a finite set).
2. The controller parameters are interpolated by a polynomial function of the scheduling parameter.
In order to reduce the complexity of the gain-scheduled controller, a linear or low-order interpolation is normally used. In this case, the stability and performance are not necessarily preserved even for the gridded scheduling parameter. The method that we propose puts these two steps together and computes a gain-scheduled controller that satisfies the stability and H ∞ performance conditions for all gridded values of the scheduling parameter using the convex optimization methods. For the ease of presentation, a scalar scheduling parameter and one H ∞ constraint on the weighted sensitivity function are considered. The extension to vector of scheduling parameters and H ∞ constraints on several sensitivity functions is straightforward. In the sequel, the class of models, controllers and design specifications are defined and a convex optimization problem is proposed that results in a gain-scheduled controller.
Class of models
The class of causal discrete-time LTI-SISO models with bounded infinity-norm is considered. It is assumed that the spectral model of the system as a function of the scheduling parameter θ, G(e −jω , θ) is available. The bounded infinity norm condition will be relaxed later on to consider systems with poles on the unit circle. Since only the frequency-domain data are used in the design method the extension to continuous-time systems is straightforward (see [12] ).
Class of controllers
Linearly parameterized discrete-time gain-scheduled controllers are considered:
where
represents the vector of n stable transfer functions, namely basis functions vector that may be chosen from a set of generalized orthonormal basis functions, e.g. Laguerre basis [15] , and
represents the vector of controller parameters. The dependence of the controller parameters ρ i to θ can be affine or polynomial, e.g. 
that helps obtaining a convex parameterization of fixedorder H ∞ controllers.
Design specifications
The nominal performance can be defined by (see [4] )
is the sensitivity function and W 1 represents the performance weighting filter. The approach proposed in [12] is based on the linearization of this constraint around a known desired openloop transfer function L d (that may be a function of θ as well). The main interest of this linearization is that it gives not only sufficient conditions for the nominal performance but also some conditions on L d that guarantee the stability of the closed-loop system. The linear constraints are given by [12] :
It is easy to show that the inequality in (6) is met if the above inequality is satisfied. Knowing that the real value of a complex number is always less than or equal to its absolute value, we have:
which leads to
that is equivalent to (6) . Moreover, it can be shown that the number of encirclements of the critical point by L and L d is equal. As a result, the closed-loop stability is ensured if L d (θ) satisfies the Nyquist criterion for all θ (e.g. it does not turn around -1 for stable plant models). On the other hand, if the plant model and/or the controller have unbounded infinity-norm, i.e. the poles on the unit circle, these poles should be included in L d (see [12] ). The graphical interpretation of this method is given in Fig.1 . It is well known that the H ∞ performance condition in (6) is satisfied if and only if there is no intersection between L(e −jω , ρ(θ)) and a circle centered at -1 with radius |W 1 (e jω )| [4] . It is clear that this condition is satisfied if L(e −jω , ρ(θ)) lies at the side of d that excludes -1 for all ω and θ, where d is tangent to the circle and orthogonal to the line connecting -1 to L d (e −jω , θ). The conservatism of the proposed approach depends on the choice of L d and discussed in [12] . It is clear that if L d = L there is no conservatism. Therefore, choosing L d as close as possible to L will reduce significantly this conservatism. Since L is not a priori known, an iterative approach can be used to reduce the conservatism (at each iteration L of the previous iteration is used as L d ).
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Optimization problem
The constraints in (7) should be satisfied for all ω ∈ [0, ω n ], where ω n is the Nyquist frequency, and for all θ ∈ [θ min , θ max ]. This leads to an infinite number of constraints that is numerically intractable. A practical approach is to choose finite grids for ω and the scheduling parameter θ and find a feasible solution for the grid points. This leads to a large number of linear constraints that can be handled efficiently by linear programming solvers. By increasing the number of scheduling parameters, the number of constraints will increase drastically that increases the optimization time. In this case a scenario approach can be used that guarantees the satisfaction of all constraints with a probability level when they are only satisfied for a finite number of randomly chosen scheduling parameters [3] . Some of the effects of gridding in frequency and additional constraints that can be imposed for ensuring good behavior between the grid points are described in [6] .
Active Suspension Benchmark
The objective of the benchmark is to design a controller for the rejection of unknown/time-varying multiple narrow band disturbances located in a given frequency region. The proposed controllers will be applied to the active suspension system of the Control Systems Department in Grenoble (GIPSA -lab) [9] . The block diagram of the active suspension system together with the proposed gain scheduled controller is shown in Fig. 2 .
The system is excited by a sinusoidal disturbance v 1 (t) generated using a computer-controlled shaker, which can be represented as a white noise signal, e(t), filtered through the disturbance model H. The transfer function G 1 between the disturbance input and the residual force in openloop, y p (t), is called the primary path. The signal y(t) is a measured voltage, representing the residual force, affected by the measurement noise. The secondary path is the transfer function G 2 between the output of the controller u(t) and the residual force in open-loop. The control
Estimator Figure input drives an inertial actuator through a power amplifier. The sampling frequency for both identification and control is 800Hz, as chosen by the benchmark organisers. The disturbance consists of one to three sinusoids, leading to three levels of benchmark depending on the number of sinusoids. Disturbance frequencies are unknown but lie in an interval from 50 to 95Hz. The controller should reject the disturbance as fast as possible. We explain in detail the control structure and the design method for Level 1. The extension to the other levels is straightforward.
Controller design for Level 1
An H ∞ gain-scheduled controller, based on the internal model principle to reject the disturbances, is considered as follows:
where K 0 and K 1 are FIR filters of order n and
the disturbance model for a sinusoidal disturbance with frequency f 1 = cos −1 (−θ/2)/2π. In order to improve the transient response, the infinity norm of the transfer function between the disturbance and the output, M G 1 S, should be minimized. However, since the primary path model G 1 cannot be used in the benchmark, it is replaced by a constant gain. On the other hand, in order to increase the robustness and prevent the activity of the command input at frequencies where the gain of the secondary path is low, the infinity norm of the input sensitivity function KS ∞ should be decreased as well. Another constraint on the maximum of the modulus of the sensitivity function S ∞ < 2 (6dB) is also considered according to the benchmark requirements (not to amplify the noise at other frequencies).
A gain-scheduled controller is designed using the following steps: 
where the first constraint is the convexification of |M S| + |KS| ∞ < γ and the second constraint that of S ∞ < 2. This is a convex optimization problem for fixed γ and can be solved by an iterative bisection algorithm.
Remarks:
• The controller order (the order of the FIR models for K 0 and K 1 in (10)) is chosen equal to 10 (the controller order is increased gradually to obtain acceptable results). Note that it is much less than the order of the plant model, which is equal to 26.
• The desired open-loop transfer functions are chosen as
are stabilizing controllers computed by pole placement technique.
• The Frequency-Domain Robust Control Toolbox [11] is used for solving this problem. For the convenience, the internal model is considered as a part of the plant model, i.e. G(θ) = M (θ)G 2 , and after the controller design it is returned to the controller.
• After 7 iterations for the bisection algorithm γ min = 1.68 is obtained. The total computation time is about 11 minutes on a personal computer (16GB of DDR3 RAM memory at 1600MHz and processor Intel Core i7 running at 3.4GHz).
The parameters of the final designed gain-scheduled controller in (10) are given by:
+5.077z
This gain-scheduled controller gives very good transient performance and satisfies the constraint on the maximum modulus of the sensitivity function for all values of the scheduling parameter. Figure 3 and Fig. 4 show the magnitude of the output sensitivity functions S and the input sensitivity functions KS, respectively, for 46 gridded values of the disturbance frequencies. One can observe very good attenuation at the disturbance frequencies and the satisfaction of the modulus margin of at least 6dB for all disturbances.
Controller design for Level 2
In this level of the benchmark, two sinusoidal disturbances should be rejected. The structure of the gain scheduled controller is given by (z −1 is omitted):
where K 0 , K 1 and K 2 are 8th order FIR filters and
By considering a hard constraint on the magnitude of the sensitivity function (1 + KG 2 ) −1 ∞ < 2.24 (7dB) the optimization becomes infeasible. Therefore, the following constraint is considered for optimization:
where γ is minimized. The first term on the left hand side represents the approximation of the disturbance path impulse response (ignoring the unknown transfer function G 1 ). By minimizing its ∞-norm, we indirectly reduce the transient time (with a tradeoff between fast response and robustness guarantee, coming from the second term).
Since we have two scheduling parameters a resolution of 1Hz for each sinusoidal disturbances leads to 46 2 /2 = 1058 grid points. This increases by a factor of 23 the number of constraints with respect to that of Level 1. Moreover the resolution of the frequency grid is improved from 0.5 rad/s to 0.2 rad/s which increases the number of constraints. The number of variables is also increased from 22 (the coefficients of two FIR of order 10) to 27 (the coefficients of three FIR of order 8). In order to obtain a faster optimization problem, the scenario approach is used. From the set of 1058 frequency pairs, 50 samples are chosen randomly and the constraints are considered just for these frequencies. The stability of the closed-loop system however, is verified a posteriori for all 1058 frequency pairs, which makes the probability of stability constraint violation (between the grid points) very low. The computed controller, however, destabilized the real system for disturbance frequency pair (50-70)Hz. The main reason is the modeling error for the secondary path model around 50Hz. Therefore, a new model for the secondary path provided by the benchmark organizers with smaller modeling error around 50Hz is used for the controller design. A new controller is designed using the scenario approach and achieves γ min = 10.62 after 11 iterations with a total computation time of about 15 minutes. The attenuation of at least 40 dB is obtained for all frequencies but the maximum of the output sensitivity function is greater than 7 dB in some frequencies.
Controller design for Level 3
Although very good results can be obtained for linear controller design for every triplet disturbance frequencies, a simple gain-scheduled controller that satisfies all constraints could not by obtained by the proposed approach. In fact the optimization problem becomes infeasible for affine dependence of the controller parameters to the scheduling ones and with relaxing the constraints the resulting stabilizing controller does not lead to good performance even for known disturbance frequencies.
It is important to emphasize that there is no theoretical limitation for having three or even more disturbance Figure 6 : Magnitude of the input sensitivity functions for known disturbance frequencies in F frequencies. However, increasing the number of frequencies increases the complexity of the optimization problem such that a feasible solution could not be find in the first trials. This problem could be fixed by designing better initial controllers for each fixed frequency and use these controllers for computing L d , as well by the better choice of the basis functions. However, because of the deadline for the benchmark, the authors decided just to participate in the first and the second level.
Estimator design
The scheduling parameter θ used in the internal model of disturbance in (11) is estimated using a parameter adaptation algorithm. To estimate the parameters of the disturbance model, we need to measure the disturbance signal p(t) (see Fig. 2 ). If we model p(t) as the output of an ARMA model with white noise as input, we have:
where e(t) is a zero mean white noise with unknown variance. Estimation of the parameters of N p and D p could be performed by the standard Recursive Extended Least Squares method [13] , if p(t) was measured. Since p(t) is not available, it is estimated using the measured signal y(t) and the known model of the secondary path. From Fig. 2 , we have:
is the parametric model of the secondary path G 2 . Since v 2 (t) is a zero mean noise signal, unbiased estimate of p(t) is given as
For the asymptotical rejection of sinusoidal disturbance, there is no need to identify the whole model of the disturbance path, i.e. HG 1 as shown in Figure 2 . The information needed is just the frequency of the disturbance. So, by setting
, a simple parameter estimation algorithm can be developed. Let us define :
where ε(t) = z(t)−ẑ(t) is the a posteriori prediction error. Now, the following recursive adaptation algorithm can be used to estimate the the scheduling parameter θ:
is the a priori prediction error and λ 1 (t) and λ 2 (t) define the variation profile of the adaptation gain F (t). Filtered observation vector ψ f (t) is used to ensure the stability and convergence properties of the adaptation algorithm ( [13] ). The other condition for the convergence, namely the richness of excitation, is satisfied as long as disturbance is not zero. A constant trace algorithm [13] is used for the adaptation gain. The same recursive adaptation algorithm is used for Level 2 of the benchmark with the difference that the order of the disturbance model and consequently the number of the scheduling parameters is increased (θ is replaced by a vector [θ 1 , θ 2 ]).
Simulation and experimental results
The simulation results are presented for three different tests of each benchmark level: simple step test, step changes in frequencies test and chirp test, according to the benchmark requirements.
simple step test
The simulation and experimental results for Level 1 are given in Table 1 and Table 2 , respectively. The first column gives the global attenuation in dB. It is the ratio of the energy of the disturbance in open-loop to that in closedloop computed in steady state (last three seconds of the experiment). The second column shows the attenuation at the disturbance frequency. The maximum amplification of the disturbance at other frequencies is computed and shown in the third column together with the frequency at which it occurs. The two-norm of the transient response of the residual force is given in the forth column and the two norm at the steady state (last three seconds) in the fifth column. The peak value of the transient response is given in the 6-th column, and a Benchmark Satisfaction Index (BSI) for the transient duration in the 7-th column (100% means that the transient duration is less than 2 sec. and 0% corresponds to more than 4 sec). The results show more or less good coherence between the simulation and experimental results. Certain discrepancy between the simulation and experimental results for the disturbance frequency of 50Hz probably comes from the modeling error of the secondary-path model, around this frequency, used in the simulator of the benchmark.
The simulation results for simple step test of Level 2 are given in Table 3 and the experimental results in Table 0   5 Step Frequency Changes Test Step Changes in Frequency Test The real-time response from the simple step test with disturbance frequency of 75Hz is shown in the first plot of Fig. 7 . Similarly, in Fig. 8 the first plot presents the simple step test response for Level 2 with disturbance frequencies of 60 and 80Hz. Figure 9 illustrates the comparison between the open-loop (dashed) and the closed-loop power spectral density for the real-time simple step test with single disturbance frequency of 75Hz. Strong attenuation (around 45dB) at 75Hz and low (or no) amplification at other frequencies can be observed. Similar conclusion can be drawn from Fig. 10 for the simple step test of Level 2 with disturbance frequencies of 60 and 80Hz.
Step changes in frequencies test
For Level 1 of the benchmark, three sequences of step changes in the frequency of the disturbance are considered. These sequences are defined as follows: Table 5 ). The transient performance in simulation for Level 1 and Level 2 are given in Table 5 and the experimental results in Table 6 . It can be observed that good performance is obtained for all disturbance frequency pairs except for (50-70) in the real experiment.
The second plot of Fig. 7 and 8 present the real-time response for the first disturbance frequency sequence of the step changes in frequencies test for Level 1 and for Level 2, respectively.
Chirp test
For Level 1 of the benchmark a chirp signal that starts from 50Hz and goes to 95Hz and returns to 50Hz with a Hz/sec and return to (50-70)Hz. The maximum value and the two-norm of the disturbance response in simulation and in the real-time experiment are given in Table 7 . The experimental results of the chirp disturbance responses for Level 1 and Level 2 are given in Fig. 7 and 8 , respectively.
Conclusions
A new method for fixed-order gain-scheduled H ∞ controller design is proposed and applied to the active suspension benchmark. It is shown that one or two unknown sinusoidal disturbances can be rejected using the gainscheduled controller and an adaptation algorithm that estimates the internal model of the disturbance. The proposed gain-scheduled controller design method is able to satisfy all frequency-domain constraints. However, the results are slightly deteriorated in simulation and real experiments. The main reasons are the followings:
• During the convergence of the scheduling parameter, the whole system becomes nonlinear and the desired performance is not achieved.
• Even at the steady state, there is always an estimation error in the scheduling parameter.
• The modeling error in the secondary-path model is not considered in the design.
Although the proposed method could consider the modeling error in the design, it has not been taken to account for some reasons. First, it was supposed that the provided model for the benchmark is very close to the real system and modeling error can be neglected. Second, considering the unmodelled dynamics makes the optimization method more complicated (number of constraints increases) and, finally, robust controllers lead generally to conservative solutions to the detriment of performance. 
